Mathematics 9302L - Riemann Surfaces
UWO, Math Department
Summer 2025

Instructor: Masoud Khalkhali, Professor of Mathematics, UWO
Email: masoud@uwo.ca

Office:

Office hours: TBA

Lectures:

Grading: Based on: a final essay (minimum 8 pages) and presentation
on a topic to be chosen by the student and me at the beginning of the
course (70%), and two homework assignments (30%). I will post a
list of potential topics for your essays, but students can also suggest a
topic.

Textbook: A. Bobenko, Compact Riemann Surfaces. Freely available
online. This is a very clear and lucid presentation of some of the main
topics that we shall cover in this course. I will give more examples and
explanations as we go along.

Course Outline: Here is a tentative list of topics I plan to cover.

— Riemann surfaces and holomorphic maps between them, exam-
ples: algebraic curves, Riemann surfaces from analytic continua-
tion and differential equations, conformal structures. Problem of
moduli.

— The sheaf of germs of holomorphic functions, sheaf cohomology.
— Divisors, line bundles and vector bundles.

— Finiteness theorems.



— Weyl’s lemma and Serre duality theorem.
— Riemann-Roch theorem and applications.

— The Riemann-Hurwitz formula, the degree-genus formula. Field
of meromorphic functions, birational equivalence, Hyperbolic sur-
faces,

— Riemann bilinear relations.

— The Jacobian, Abel-Jacobi map, and Abel’s theorem.

The Riemann theta function, theta divisors.
e Learning Outcomes:

— Be able to define Riemann surfaces, give many examples from
various spources (e.g. algebraic curves and Riemanian surfaces-
not to be confused with Riemann surfaces; and conformal struc-
tures). Understand the major difference between holomorphic
and smooth spaces. Understand holomorphic and meromorphic
functions and differential forms on a Riemann surface.

Be able to effectively use the Riemann-Hurwitz formula to study
maps between Riemann surfaces.

— Understand divisors, line bundles, and the relation between them.

— Understand the Riemann-Roch theorem and its consequences.

Be able to define the Jacobian of a Riemann surface, the Abel-
Jacobi map, and understand Abel’s theorem.

e Historical Introduction: Riemann surfaces were first defined in
Riemann’s 1851 PhD dissertation where he laid down the geometric
foundations of the theory of functions of one complex variable. The
theory was advanced much further in Riemann’s 1857 monumental pa-
per on the theory of abelian functions. It took mathematicians many
years to fully grasp, develop, and extend Riemann’s ideas to its mod-
ern status. Today, the theory of Riemann surfaces occupies a central
place in modern mathematics and mathematical physics, specially in
areas such as geometric analysis, potential theory and PDE’s, number
theory, algebraic geometry, string theory, and conformal field theory.

One should however not get the impression that Riemann surface the-
ory started in Riemann’s thesis! Riemann was on the shoulders of
giants like Abel and Jacobi, not to mention Cauchy’s work in complex



analysis, and the works of Gauss, Legendre, and Euler on elliptic inte-
grals and elliptic functions. In fact as the names of some of the most
important theorems and concepts in the subject would suggest, (e.g.
Abel’s addition theorem, the Abel-Jacobi map, Jacobian of a Riemann
surface, etc.), many deep results, at least in their germinal forms,
were obtained by Abel and Jacobi more than twenty years prior to
Riemann’s thesis. It is fair to say that Riemann surfaces were in-
vented (or discovered!) by Riemann in order to put the whole theory
of algebraic functions in one variable, as well as the theory of abelian
functions, on a firm geometric and analytic basis and to forge ahead
equipped with this new geometric insight.

This subject has somehow two distinct flavors: algebraic geometric and
complex manifold theoretic. One of Riemann’s results that we shall
prove in this course states that any compact Riemann surface is alge-
braic, i.e. is the set of solutions of a homogeneous polynomial equation.
Thus the two approaches are equivalent as long as we work over C.
With the appearance of Weyl’s 1913 classic, Riemann’s approach and
his results found its definitive form. For more on the history of the
subject and its development one can check the article by Remmert,
From Riemann Surfaces to Complex Spaces, and references therein.
Remmert’s article carefully follows the evolution of the subject from
Riemann to present times from the point of view of complex manifold
theory.

Resources: The literature in Riemann surface theory is quite vast
and rich. Here are some additional references you can benefit from.
This list is by no means comprehensive.

o Algebraic Curves and Riemann Surfaces, Rick Miranda. Excellent
and expansive. I highly recommend it for gaining more insight into the
subject. At one point, to avoid heavy analysis, he assumes existence
of meromorphic functions.

o Lectures on Riemann Surfaces, Otto Forster.

o Riemann Surfaces, by Simon Donaldson, Oxford University Press.
Among all modern expositions of the theory, this one is particularly
close to Riemann’s original analytic approach based on potential the-
ory, PDE’s and ideas of mathematical physics. It is also remarkable
in its breath and scope and the clarity of exposition while keeping the
required prerequisites to a bare minimum.

e J.-B. Bost, Introduction to compact Riemann surfaces, Jacobians, and



abelian wvarieties, in From number theory to physics (Les Houches,
1989), Springer, Berlin.1992, pp. 64-211. This is a particularly inspir-
ing text full of historical background and references to original works
(check Abel’s amazing 2-page proof of his addition theorem, or his
discovery of what later came to be known as the genus of a curve).

e H. M. Farkas, I. Kra, Riemann Surfaces.

e F. Kirwan, Complex Algebraic Curves. This one is more on the
algebraic geometry side and at a more elementary level. Very well
written and suitable for an advanced undergraduate course.

e H. McKean, V. Moll, Elliptic curves: function theory, geometry,
arithmetic. A good place to start learning about connections be-
tween Riemann surfaces and arithmetic. Covers Kronecker-Weber and
Mordel-Weil theorems. Very close to the style of originals.

e H. Weyl, Die Idee der Riemannschen Flache, Teubner, Leipzig, 1913.
Annotated reedition, 1997, The concept of a Riemann surface (3rd
ed.), New York: Dover Publications. This gem of a book is the first
modern exposition of Riemann surface theory.

Conflict exams: If you have a conflict with one of the exam times,
please consult the Faculty of Science policy on missed course work.
Based on that, if you think your situation qualifies you to take the
conflict exam, please contact me as soon as possible, no later than a
week before the exam in question.

Medical accommodations: If you are unable to meet a course re-
quirement due to illness or other serious circumstances, you must pro-
vide valid medical or other supporting documentation to the Dean’s
Office as soon as possible and contact me immediately. It is your
responsibility to make alternative arrangements with me once the ac-
commodation has been approved. In the event of a missed final exam,
a “Recommendation of Special Examination” form must be obtained
from the Dean’s Office. For further information, please consult the
University policy on medical accommodation.

Missed homework: Late homework will not be accepted. Home-
works can always be submitted in advance. For extended absences or
medical emergencies, these are handled the same way as for exams.
In that case, a homework grade could be dropped; there will be no
make-up homework.



e Academic integrity: Working on homework with your peers is al-
lowed, in fact encouraged. However, each student must write their
own solutions. Handing in suspiciously similar solutions will be con-
sidered an instance of cheating. Scholastic offences are taken seriously
and will not be tolerated. For more information, please consult the
University policy on scholastic discipline.

e Accessibility: Please consult Services for Students with Disabilities
(SSD) regarding accessibility services on campus. Please contact me if
you require material in an alternate format or other accommodations
to make this course more accessible to you.



