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1. OVERVIEW
This is a collection of past comprehensive exams in analysis offered at Western.

1.1. Caveat emptor.
e The list of exams is not comprehensive:
There are several gaps among old exams, and we do not intend to fill them.

e This document is likely to have mistakes:

A team of us! typeset scans of the original exams, and we may have introduced typos.

e Not every problem was reproduced exactly from the original:

We made occasional minor editorial changes, some of which are highlighted in blue.

e There are no solutions:

The best way to study is to write your own solutions.

e The exams are in the order in which the reader is intended to work through them:

Upcoming exams are more likely to resemble recent exams than old exams.

1.2. Features.

e In most problem statements, many key terms are highlighted in magenta.

e An index of common concepts appears at the end.

If you have comments or would like to contribute to the document, please contact Chris Hall (chal169@uwo. ca).

Lpélix Baril Boudreau, Sergio Ceballos, Chris Hall, and Andrew Herring
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2. SPRING 2019 (MAY)

. Let z be a complex variable and set f(z) = ), -,cn2™ where the coefficients are the Fibonacci
numbers defined by ¢cg = ¢; =1 and ¢42 = ¢py1 + cp.

(a) Show that f(z) = ——1— on any disc D(0, R) on which the series converges.

l—z—z

(b) Find the radius of convergence of the series.

. Suppose f: [0,1] — R is continuous, and a,b € R. Prove that the boundary value equation
w=f ul0)=a, u(l)=>b

has a unique solution u € C%(]0,1]) given by

u(z) = (1 - z) (a—/jtf(t)dt) e (b—/;(l—t)f(t)dt).

9 .o
. Evaluate foﬂ 5j‘fﬁdﬁ.

. Let dy and dy be metrics on a set X. Consider the following statements:

P: For any metric space (Y, p) and any continuous f: (X,d;) — (Y, p), the function f: (X,ds) —
(Y, p) is also continuous.

Q: For any metric space (Y, p) and any continuous f: (Y, p) = (X,ds), the function f: (Y,p) —
(X, dy) is also continuous.

Prove that P is true if and only if @ is true.

. Suppose f is holomorphic in a disc centered at the origin, that f(0) = 0, and that f/(0) # 0. From
the inverse function theorem, we know f has an inverse g defined in some neighbourhood of 0. Show
that on some open disc D(0,¢), g is given by

g wrw,
9(2) = 276 /|w_€ f(w) —zd '

. Let ¢: R — R be a continuously differentiable function such that ¢(z) = 0 when |z| > 1. Let
f:R — R be continuous. For each z € R, define g(z) = [7_f(z — t)p(t)dt. Prove that g is
differentiable on R.

. Let f be a holomorphic differentiable function defined on the open unit disc. Suppose there exists an
open arc R on the unit circle having the property that lim f(z) = 1, as z approaches R (z is in the
open unit disc.) Prove that f is identically 1.

. Let d be a positive integer and consider the sequence (f,,)3 ;, where f,,: R? — [0,1] for n = 1,2,....

Prove that there is a subsequence (f,, )3, such that for each ¢ € Q%, limg_y00 fn, (¢) converges.



3. FALL 2018 (OCTOBER)
. Suppose f(z) is a function continuous on [0, 1] and differentiable on (0,1). Suppose that f(0) = 0
and fol f(z)dx = 1. Prove that there exists a point z¢ € (0,1) such that f'(xg) > 1.

. Let f: R — R be a non-constant function. A number ¢ € R is called a period of f, if f(x +c¢) = f(z)
for all x € R. The function f is then called periodic if there exists p > 0 such that f(z + p) = f(z)
for all z € R.

(a) Show that the set of all periods of a given function f forms a subgroup of (R, +).
(b) Give an example of a non-constant function f for which the group of periods is not discrete.

(c) Prove that if f is non-constant and continuous, then the group of periods is discrete.

. Suppose that f is a real-valued function defined on an open subset Q C R™ and that the partial
derivatives 0f /Ox; exist and are bounded for j = 1,...,n. Prove that f is continuous on Q.

. Let X denote the space of all sequences of real numbers. Let = (zx)52, and y = (yx)72, be
arbitrary elements of X. Define

d(z,y) = 72 min{ |z, — yxl, 1}.
k=1

Prove that (X, d) is a metric space.

. Prove or give a counterexample to the following statement:

There is no non-zero polynomial P(2) such that P(2) - eY/# is an entire function.
. Let v be the curve r = % 4+ 3cosf, 0 € R, traversed one time counterclockwise. Evaluate the integral
sin(mz
[ i),
22— 3242

. Let f(z) = % — ﬁ Find all possible Laurent expansions of f about zp = ¢ and determine where

each is valid.

. Let (2,)72, be a sequence of distinct complex numbers such that the series > ﬁ converges, and

let
- 1 1
03 (2p )
Prove that f is meromorphic on C and find all its poles.



4. SPRING 2018 (MAY)

. Suppose f is a holomorphic function on a neighborhood of the closed unit disk, such that |f(z)] > 2
on the unit circle and f(0) = 1. Show that f has a zero in the unit disk.

. Let C be the circle in the complex plane that has radius 3 and centre 0, traced once in the counter-
clockwise direction. Calculate ;
e
/ ﬁ dZ.
otz

. Let f be a continuous function on € and holomorphic on C — {z € C | Rez = 0}. Prove that f is
entire.

. How many zcroes does the function f(z) = {5e* — 2z have in the annulus 1 < |z| < 2?

. Show that the following limit exists:
x

lim cos(t® + t) dt.

T—r00 0

. How many terms of the series
o0

IE
n2
n=1
do you have to add in order to approximates its value to within %0? (No need to give the best possible
answer.)

. Let 0 < a < 1 be a constant. Consider the function f: R — R defined by
f(z) =2 — asinz, z €R.

Show that f is one to one and onto and its inverse function is smooth.

. Let A={(p1,...,pn) ER™:p; >0,> p; = 1}. Consider the function S: A — R defined by
n

S(p1,--,pn) = =D pilnp.
i=1

(We define 0In 0 = 0.) What is the maximum value of S and where is it obtained? Prove your claim.



5. FALL 2017 (OCTOBER)

1. Suppose u,v € (0,1).
(a) Prove that x and y are well defined as functions of (u,v) by
sin(uz) =v, 0<uzr<nw/2, and sin(fuy) =v, 7/2<uy<m.

(b) Sketch the following three subsets of R? on the same (large, clearly labeled) xy-axes:
A={(z,y):u=1/2,v € (0,1)},
B={(z,y):ue(0,1),v=1/2}, and
C={(z,y) ru,v e (0,1)}.

2. Let p(z) be the polynomial az™ + z + 1 with n > 2 and a € C.

(a) Suppose |a| < 1/2™. Prove that p has exactly one root in the disc |z| < 2.

(b) Show that for any a € C, p has at least one root in the disc |z| < 2.

3. Let @1, x2,... be a sequence of real numbers and define f: R — R by f(z) = infy=1 2, klz — x|

(a) Show that if the sequence {z,}52; has no convergent subsequence then f is continuous.

(b) Find a sequence x1, o, ... such that f is not continuous.

4. Let k,m, M be positive constants.

(a) Suppose F is a continuous function satisfying |F(Re')| < & when R > 0 and 0 < ¢ < 7. Prove:

lim [ ™ F(z)dz=0

R—o0 T

where T is the semicircular arc {Re® : 0 <t < }.

(b) Show that [ <m0 gy = Te—m.,

5. Let (M,d) be a metric space and let X be the collection of all Cauchy sequences in M. For x =

(21,22,...) and y = (y1,Y2,...) in X let A(xz,y) = (21,y1,%2,Y2,L3,Y3y.--,...). We say & ~ y
provided A(z,y) € X.

(a) Prove that ~ is an equivalence relation on X.

(b) Fix x € X and m € M and let y be the constant sequence (m,m,m,...). Show that x converges
to m if and only if z ~ y.

6. Let Q be a connected open subset of C and f: Q2 — Q be a holomorphic map such that fo f = f.
Show that either f is the identity map on  or f is constant.

7. For each positive integer n, define f,,: (0,00) — R by f,(z) = fol t*=1(1 — )"~ Lat.
(a) Prove that for each z > 0, lim, o0 fn(z) = 0.

(b) Prove that {f,}52; does not converge uniformly to the zero function on (0, c0).



6. SPRING 2017 (MAY)

6.1. Real Analysis.

1. Let U be an open neighbourhood of 0 € R™, and let f: U — R™ be Lipschitz continuous, with
Lipschitz constant K > 0. Let 0 < a < 1 be such that the closed ball Bg,(0) is contained in U
and the norm ||f(x)| < L for some constant L > 0 and all z € Ba,(0). Let b > 0 be such that
b < min {%, % .

(a) For a point € B,(0), let M, be the set of continuous maps a: [—b,b] — Ba,(0) satisfying
a(0) = z, and for each map a € M, define S, («) to be the map

1
[-b,b] >t —x —|—/ fa(u))du € R™.
0
Show that S, maps M, into M,, and it is a contraction.

(b) Show that, for every zo € B,(0), there exists a unique ag € M, satisfying

t
aolt) a0+ [ Flao(w)du
0
(i.e., a unique local solution to the initial value problem z’(t) = f(z(t)), z(0) = zo).

2. Let ®: (R")" — R be given as ®(vy,...,v,) = det[v}]; j=1 .. n, where v; = (v],...,v}) € R" for
j=1,...,n. Let {e1,...,e,} be the standard orthonormal basis in R", and let h; = (j,...,j) € R"

for j =1,...,n. Evaluate D®(eq,...,en).(h1,...,hy). Justify your answer.

.....

3. Let D = {(x,y,2) € R3: 1 < a2 + 32 + 22 < 4}. Evaluate the following, and justify your answer:
/ sin(ay) — sin(xz) + sin(yz) dz dy dz.
D

4. (a) Show that the area of a planar region delimited by a closed simple smooth curve C' is given by

1
f/xdy—ydx.
2Jc

(b) Compute |, C(:cy—yQ)der (224 3xy)dy, where C is the boundary of the bounded region delimited
by the graphs of y = 23 and z = y2.

6.2. Complex Analysis.

5. Evaluate the following integral

R
foz
where the domain €2 is given by
Q={2€C:|z|<1, Imz >0, Rez > 0}}.
6. Let f(z) be an entire function that satisfies the inequality
[f)I <A+ B, zeC,

where A, B > 0 and k is a positive integer. Prove that f(z) is a polynomial of degree at most k.

7. Suppose that g(z) is a function that is holomorphic in the open unit disc D = {z : |2| < 1} and
continuous on its closure D. Assume that Img(z) = 0 on the unit circle 9D. Prove that g(z) is a
constant function.

8. Suppose that a sequence of holomorphic functions f,(z) on a domain  C C converges to a function
f(2) uniformly on compacts in Q. Prove that f(z) is also a holomorphic function on €.

8



7. FALL 2016 (OCTOBER)

. Show that for any smooth function f: R® — R with compact support we have

/ AS®) 1y 4y £(0),
R3

||

where A = 92 + 97 4 02 is the Laplace operator.

(Hint: Try to use Green’s second identity: for any compact domain U with smooth boundary 0U and
smooth functions f,g on U, we have

_ 99  Of
/U(ng_gAf)d”‘/aU< o aﬂ) s,
of _

where 35 = V f-n is the directional derivative of f along the unit normal vector to the boundary of

U.)
. Let u: [-1,1] = R be a smooth function such that (1) = u(—1) = 0. Show that

/ (syds <4 / () ds.

—1 -1

(Hint: Using the fundamental theorem of calculus, write u(s T (t) dt. Then try to estimate the

)=/
latter integral using the Cauchy-Schwartz inequality [(fg) < ([ f? / f g2
. Let 6 € R be an irrational number. Prove the following:

(a) The set of numbers {nf mod 1:n =1,2,3,...} is dense in the interval [0, 1].

2mikx

(b) For any finite subset K C Z and any periodic function of the form f(z) =37, x are

nﬁoon—i—l (me&)/o f(z)dx

(brgrry)
Yo=(14+=4+:--4+—) —Ilnn.
2 n

Show that lim,,_, 7, exists. The limit is known as Fuler’s constant -.

. Forn=1,2,..., let

(Hint: Show that the sequence is positive and decreasing.)

. How many zeros does the polynomial p(z) = 27 + 2% + 523 + 1 have in the annulus 1 < |z| < 27

/27\' d(p
0 l—e%cosp+ie™

. Prove: if f(z) is an entire function such that |f(z)| - [Im(2)[? < 1, then f(z) =0

. Evaluate the integral:

. Let U C C be an open subset, zg € U, and V = U —{zp}. Suppose f: V — C is a continuous function
such that fF z)dz =0 whenever I" is the boundary of a closed rectangle in V.

Claim: There is a holomorphic function g: U — C such that f(z) = g(z) for all z € V.

Either prove the claim or state that it is not true and provide a counterexample.
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8. SPRING 2016 (MAY)

(a) Are the functions

B 2 B = (z =)
f(Z)—nz:%W and 9(2)—;W

analytic continuations of each other? Justify your answer.
(b) The series

oo
h(z) :Zzzk =z+224+24 4+
k=0
converges for |z] < 1. (There is no need to prove this.) Show that it cannot be continued
analytically beyond the unit disc.

. Let (X, d) and (Y, p) be complete metric spaces. Prove that if A is a dense subset of X and f: A =Y

is an isometry, then f extends to an isometry F': X — Y. Give a clear definition of F', prove that it
is well defined, and show it is an isometry.

27 sin% 6 do

Evaluate [, = Ficosd

Suppose f: R? — R is continuous. Prove that

o(t) = / f(t,2) de

defines ¢ as a continuous function from R to R.

. Find all solutions of the equation e* = 1 4 2z satisfying |z| < 1.

Suppose y = y(z) is the unique solution to the initial value problem
y" =xy +3y, y(0)=0, y(0) =1

(a) Prove that y and all of its derivatives are increasing functions on [0, 1].
(b) Express y®)(1) in terms of /(1) and y(1).

(¢) Use Taylor’s theorem to show that, for all z € [0, 1],

1 3
< Z9/(1 —qy(1).
_3y()+10y()

(In this question there is no need to give a closed form for the solution y(z).)

Let dy,ds, ... be metrics on X satisfying di(x,y) < 1, for each k and all z,y € X. Define d by
k=1

Then d is also a metric on X. (There is no need to prove this.) Show that if the metric space (X, dy)
is compact for each k, then the metric space (X, d) is also compact.

Let h(t, z) be a continuous complex-valued function defined for ¢ € [a, b] and z € C. Suppose, for each
fixed ¢, that h(t, z) is analytic. Show that

H(z) = / (e, di

is an entire function.

10



9. FALL 2015 (OCTOBER)

1. (a) Define Lipschitz continuous functions on the interval I = [—1,1].

(b) Show that the uniform limit of Lipschitz continuous functions on the interval I may not be
Lipschitz continuous.

(c) Show that if a sequence (fy(x))2>_; converges uniformly on I, and all f,,(z) are Lipschitz
continuous with a uniform constant K, then the limit is also Lipschitz continuous with the
constant K.

2. Let f(x) be a function defined on (0, 1] such that f is Riemann integrable on [¢, 1] for any 0 < ¢ < 1.
Define

c—0t

/01 f@)dz = lim /C1 f(z) dz.

(a) Show that if f(x) is Riemann integrable on [0, 1], then the standard definition of fol f(x) dz using
Riemann sums and the definition given above agree.

(b) Give an example of a function which is not Riemann integrable on [0, 1] but for which the above
limit exists.

3. Consider the function .
F(J?) — %7 (x7y) 7é (an)
0, (z,y) = (0,0).

(a) Show that F(z,y) is continuous at the origin.
(b) Define what it means for a function f(x,y) to be differentiable at (0,0).

(¢) Show that F(z,y) above is not differentiable at the origin.

4. Let I C R be the open subinterval (—1,1) and S be the space of bounded continuous functions on 1.
Define

p(f.9) = Sup |f(x) —g(z)], f,g€S.

(a) Prove that p is a metric on § and that (S, p) is a complete metric space.

(b) Prove that the map H: (S, p) — R, given by H(f) = f(0), is continuous.

5. Is there a polynomial P(z) such that P(z) - e'/# is an entire function? Justify your answer (i.e., give
an example or prove it does not exist).

[e'e) .TZ
— dx.
/,ool+ar4 v

7. Let f be a non-constant entire function. Show that the image of f is dense in C.

6. Evaluate

8. Let (2,)22, be a sequence of distinct complex numbers such that the series > ﬁ converges, and
let -
1 1
oS ()
n;l (z—2p)%2 22

Prove that f is meromorphic on C and find all its poles.

11



10. SPRING 2015 (MAY)

1. Find the number of roots of the polynomial 2% — 62% +32 — 1 in |2] < 1.

e
dz.
/Z=4Z2 z

3. Does there exist an entire function f(z) such that
1 1 1
1)1 () -

4. For which z € C does the following series converge?

2. Evaluate the integral:

forn=1,2,3,...7

i(f”+n>

!
—\(n+1)! - 2n

5. Let A be the positive definite real n-by-n matrix. Show that

. 7Tn/2
/ e X AX X = .
n Vdet A

(You can use the fact that [ e dr = /7. Reduce the problem to 1-dimensional integrals. First
work out the case where A is diagonal.)

6. Let f: R — C be a 2w-periodic infinitely differentiable function. For n € Z, let

~ 27T .
fn)= [ flx)e ™" du
0
be the n-th Fourier coefficient of f. Show that f(n) is rapid decay, that is, for any positive integer k,
[n*f(n)
(Hint: You can use the Riemann-Lebesgue lemma: for any L!-function g, |g(n)| — 0 as |n| — oc.
Use integration by parts.)

—0 asn— oo.

7. State the inverse function theorem. Give an example of a map f: R? — R? such that for all (z,v),
Jf(x,y) # 0, but f is not injective. (Jf denotes the Jacobian of f.)

8. (a) Use the divergence theorem to show that for any bounded domain U C R? with smooth boundary
OU and smooth functions ¢, 1 on €2, we have (Green’s second identity)

B 99 I
/U(wAgp — pAY)drdy = ng ( n (pﬁn) dl,
o¢

where 7~ is the directional derivative of ¢ in the direction of the outward pointing normal to the

boundary, and Ap = @5 + @y is the Laplacian of ¢.

(b) Use the above (Green’s second) identity to show that for any smooth function with compact
support f: R? — R we have

/Rz(lnr)Af = —27f(0)
where r = /22 + y2.

12



11. FaLL 2014 (OCTOBER)

. Show that

/ s (/2) gz = 9.
|z|=1

. Let (X, d) be a non-empty metric space such that, for each x € X, the closed unit ball
B, ={y X :dy) <1}

centred at z is compact. Prove that (X, d) is complete.

/°° dx
oo L+t

. Show that every solution y = y(z), to the differential equation

. Evaluate

y/// + 2y// — 2y = xe”
is also a solution to the differential equation
y®) —3y" + 4y’ — 2y =0.

. Let i i
f(z):;—m~

Find all possible Laurent expansions of f about zyp = 1 and determine where each is valid.

. For each (u,v) € (0,00)2, define F(u,v) = (v(1 + u)u,v(1l 4+ u)/u). On large, clearly labeled axes,
sketch the region F~1((0,1)?) and clearly identify the curve F=1({(z,z) : 0 < z < 1}). Make the
change of variables (z,y) = F(u,v) to evaluate

/1/y dz dy
0o Jo ¥+ TY

. Show that there exists no function f analytic in the open unit disc {z : |z| < 1} with the property
that |f(z)| — oo as |z| increases to 1.

[compare #6 of Fall 1997

. Suppose that f,: [0,00) = R, for n =1,2,..., are continuous functions such that

n— 00

lim [ [fa(t)ldt = 0.
0

For = > 0, let
F.(x) = / fa®)dt, n=1,2....
0

Prove that F,, converges uniformly to 0 on [0, m] for every m > 0.

13



12. SPRING 2014 (MAY)

1. (a) Show that for all z € R
T 2 1 7m2(t2+1)
_42? e ™
= dt ——dt=—.
f) </0 ‘ ) " /0 41 4

/ e_t2 dt = ﬁ
0

(b) Deduce that

2

2. Given z € R, > 0, let (z) € [0,1) be the fractional part of z. For n € N, define f,(x) = (nz) and

consider the series f(x) =), <, f’;b—(f)

(a) Show that f converges uniformly on R.

(b) For a fixed n, find the discontinuities of the function = — f,(z) by computing the one-sided
limits of the function.

(¢) Show that f is continuous at any irrational number.
(d) Show that f is not continuous at any rational number.
(e) Show that f is Riemann integrable on any bounded interval.

3. Let X : R3 — R3 be the vector field
(2223 + 6y)i + (62 — 2y2)j + (32%2%2 — k.
Compute the line integral fC X cotrdr from (1,—1,1) to (2,1, —1) where C is the curve
C(t) = (2 — cos(nmt),1 — 2cos(nt), 1 — 8t2).
4. Let C be the set of continuous real-valued functions on [0,1]. Given f, g € C, define
1
(f.0) = s 1) (@) and p(S,9) = [ 15 ~g(0l .
ze|0, 0
(a) Show that d and p are metrics on C.
(

b) Prove that (C,d) is complete.

)
)
(¢) Prove the identity map id: (C,d) — (C, p) is continuous.
(d) Is the identity map id: (C, p) — (C,d) is a homeomorphism? Explain.
)

(e) Show that (C, p) is not complete.

5. Compute the integral

/ 61/z J
A
=172 1 = 2

6. Let f be a holomorphic function on a disc Ug = {z € C: |z| < R} with f(0) =0 and |f(2)| < M, for
all z € Ug.

(a) Prove that |f(2)| < 2%|z| in Ug, and |f/(0)| < 4.
(b) Show that the equality |f’(0)| = 4 holds only if f(z) = "% 2.

7. Prove that if two functions fi(z) and fa(z) are holomorphic in a domain D C C, and agree on a set
FE which has an accumulation point a € D, then f; = f5 in D.

8. Let G={z€C:|z] <2,z # £1}. Find all bijective conformal maps ®: G — G.

14



13. FaLL 2013 (OCTOBER)

1. The Bernoulli numbers By, By, ... are defined by

(oo}

t t"
et —1 ZB"E

n=0

(The function on the left hand side is defined to be equal to 1 at ¢t = 0.)

(a) What is the radius of convergence of the above Taylor series? Explain.

(b) Compute By and By and show that By, =0 for all n > 1.

2. (a) Show that the series

> 1 1
> (77 25)
e s+n s—n

is pointwise convergent for every s € R\ Z.

(b) Use Weierstrass M-test (or any other method) to show that the resulting function is continuous
on its domain R\ Z.

3. A function f: X — X from a metric space (X, d) to itself is called a contraction if there is a constant
K < 1 such that d(f(z), f(y)) < Kd(z,y) for all z,y € X. An element z € X is a fixed point if

flz) =x.

(a) Show that a contractive map from a complete metric space to itself has a unique fixed point.

(b) Give counterexamples to show that both conditions (completeness of X and contractive property
of f) are needed in general.

4. Consider the derivative operator T: C*[0,1] — C[0,1], T(f) = f', from the space of continuously
differentiable functions on the interval [0, 1] to the space of continuous functions on [0, 1]. Show that
this map is not continuous with respect to the uniform metric

d(f,g) =sup{|f(z) — g(z)| : € [0,1]}.

5. Show that the following limit exists:
xr

lim sin 2 dt.
xTr—r0o0 0

(Hint: Use the substitution u = ? as a first step.)
6. (a) Define what it means for a topological space to be connected, or path connected.

(b) Show that a path connected topological space is connected.

(¢) Give an example of a topological space which is connected but not path connected.
7. Suppose f(z) is an entire function and |f(z)| > |e*| for all z. Prove: f(z) = ce* for some constant c.
8. Let D={z¢€ C: |z| <1}. Suppose f: D — C is analytic and |f(2)| < 1%‘2' Show |f'(z)] < ﬁ.
9. Evaluate

1 22

270 |z 467 — 2

dz.

10. Let D = {z € C: |z|] < 1}. Suppose f: D — D is analytic and has (at least) two fixed points (i.e.,
there are a,b € D such that f(a) =a, f(b) =b, a #b.) Prove: f(z) = z.

15



14. SPRING 2013 (MAY)

. Let £ C C be a real line passing through the origin. Prove that if points 21, ..., 2, lie on one side of
L, then
n
Z Zk 75 0.
k=1

. Suppose f and g are continuous functions on [0, 1]. Prove that

o) =1-) (50~ [“tr0ar) vz (s~ [ 070 i)

for all z € [0,1] if and only if g is twice differentiable and ¢” = f on [0, 1].

////(w2+x2+y2+22)dwda:dydz
s

S ={(w,z,y,2) € R* : w? + 2% < \/y2 + 22}.

. Evaluate

where

. Suppose f(x) is a function holomorphic on the open unit disc A = {z € C: |z| < 1} and continuous
on the closed disc A. Suppose that Im f(z) = 0 for |z| = 1. Give the best possible description of f(z).

. Let P C R? be a polygon with non-self-intersecting boundary, having vertices v; = (x;,y;), for
j=1,...,n, and edges U103, ...,0,_10, and v,07. Use Green’s theorem to prove that the area of P
is

1

3 (1y2 +xoys + - + Tpo1Yn + Tpyr) — (Y1%T2 + Y223 + - F Yn—1Tn + YnT1)|-

. Find the general form of a linear-fractional transformation that preserves two opposite points on the
Riemann sphere.

. Suppose that f(z) is a holomorphic function with an isolated singularity at a point zo. Suppose that
the singularity is not removable. Prove that the function ef(*) has an essential singularity at zo.

. Let C(R™,R) be the set of all continuous functions from R™ to R, and define
d =) 27"minq1 - :
(.9 = Y- 2 Hwin {1, max |1(0) - g(0)]
k=1
(a) Prove that d is a metric on C(R™, R).

(b) Suppose f, f, € C(R™,R) for n € N. Prove that d(f,, f) — 0 if and only if for every compact
K C R™ and every € > 0, there exists an N such that |f,(z) — f(z)| < € whenever z € K and
n>N.

16



15. FALL 2012 (SEPTEMBER)

. Solve the boundary value problem

af = 4f —252%f, f(0)=0, f(1) =1
by making the substitution z° = t.

. Given a sequence of continuous functions ¢, : R — [0, 00) satisfying

/ ¢n(t)dt =1 and lim Gn(t)dt =0, forall 6 >0
R

n—o00 [t|>6
show that
lim [ ¢,(x—1t)f(x)dt
R

n—00

whenever f: R — R is continuous at x and bounded on R.
. Let (y,)22, be a sequence of real numbers and define f : R — R by setting
x) = inf n|z — y,l.
f@) = int nle il
(a) Show that if (y,) has no accumulation point, then f is continuous.

(b) Find a sequence (y,) for which f is not continuous. Justify your answer.

. Let C be the set of continuous real-valued functions on [0, 1]. Given f, g € C, define

d(f,g) = sup |f(z) - g(z)| and p(f.g) / () — g(b)]dt.

z€[0,1]

(a) Show that d and p are metrics on C.
(b) Prove that (C,d) is complete.
(¢) Show that (C, p) is not complete.

. Let ~ be the circle with radius 2 centered at 1 traversed one time counterclockwise. Evaluate the
integrals:

(a) f (1+:2)2d

(b) f,y sin(mwz) dz.

22—2z

. How many solutions, counted with multiplicities, does the equation e * = 223 + 3z + 1 have in the
disc |z| < 27

. Evaluate fooo

dz
14ax4-

. Find three different Laurent series for f(z) = 25 — 1 +

o about zp = 1 and state their regions

1
(=+1)?
of convergence.

17



16. SPRING 2012 (MAY)
1. Let (A,a), (B, ) and (C,~) be metric spaces, and define
d((ay,br), (az,b2)) = Va(ar, a2)? + B(b1, b2)2.

(a) Prove that (A x B,d) is a metric space.

(b) Suppose K is a compact subset of B, V' is an open subset of C, and f is a continuous map from
(A x B,d) to (C,~). Prove that

W={acA: f(a,b) €V for allb e K}

is an open subset of A.

2. Solve the initial value problem,
f"(x) = 3f"(x) +4f(z) =4z +4, f(0)=2, f'(0)=4, f'(0)=8.
3. Let R = {(u,v) € R? : u > 0, u?v > 1}.

(a) Find the image of R under the map (u,v) — (v 20~ u=to=2).

1
//Rmd“d”-

4. Suppose f is a non-negative, decreasing function on (0, c0) such that fooo f(z)dz < oo and let g(x) =
oo, f(2"z) for each 2 > 0. Prove that g(z) < oo for all z > 0, that the sum converges uniformly
to g on any compact subinterval of (0, 00), and that

/OOO g(z)dx = /000 f(z) dz.

o 2
T ar
oo Lt

1 1 1
I =t erm s

about zp = 0 and state their regions of convergence.

(b) Evaluate

Justify your answer.

5. Evaluate

6. Find three different Laurent series for

7. Let v be the limacon r = % + 3 cos @ traversed one time counterclockwise. Evaluate the integrals
2z
(2) [, ey d2

(b) [, 3mC= .

8. Let © be a non-empty open subset of C, let (f,)52; be a sequence of functions holomorphic on €2,
and let f: Q — C be a non-constant function. Suppose that f, — f as n — oo uniformly on every
compact subset of Q. Prove that, if p € Q and f(p) = 0, then for every open neighbourhood U of p
in  there exists N € N such that f,, has a zero in U for all n > N.

9. BONUS: Prove that there is no function f analytic in the disc D = {z € C : |z| < 2012} and such
that |f(z)| — oo as |z| — 2012~

18



17. FALL 2011 (SEPTEMBER)

1. Prove Schwarz’s Theorem: If f(z) is analytic for |z| < R and if f(0) =0 and |f(z)| < M, then

s < 2

2. Prove that

2 1-3-5---(2n—1)
ndp = 2.
/0 (cos0)*" d 316 (2n) ™

3. Prove that all the roots of p(z) = 27 — 522 + 12 lie between the circles |z| = 1 and |z| = 2.

4. Show that the function f: {z € C: |z| > 1} — C defined by f(z) = 1 (2 4+ 1) is injective, and find its
image.

5. Let f be a holomorphic function on the open unit disc. Suppose that there exists an open set R on
the unit circle with the property that lim f(z) = 1, as z approaches R (z is in the disc). Prove that
f is identically 1.

6. (a) Consider the series >~ | a3, where o, 3, € R. Prove that if aj,as,... is a non-increasing
sequence and the partial sums By = 25:1 By, are uniformly bounded in absolute value by some
L >0 (ie., |By| <L for N=1,2,...), then

N

> anpn

n=1

Sy = < L(lea| + 2|an])

(Hint: transform the formula for Sy so that the 3, are replaced by B,.)

(b) Use (6a) to prove the Dirichlet test for convergence of series: the sum

oo
E anby
n=1

N
converges whenever the sequence By =

—1 bn is bounded and {a,} is a decreasing sequence
such that lim,, ;. a, = 0.

(¢) Use the Dirichlet test for convergence to show that the series

— 1
Z —sin(n)
n=1 n
converges.
(Hint: use 2sin(u) sin(v) = cos(u — v) — cos(u + v)).

7. Let f(z) be a differentiable function of one real variable defined for > 0. Suppose that, for all > 0,

C
f) < =

where C' > 0 and k£ > 0. Further, assume that k is the best possible rate of growth for f, i.e., the
inequality does not hold for any smaller values of k¥ (and any C > 0). Finally, suppose that the same
estimate holds for |f/(z)|, possibly with a different constant C, but the same k. Prove that

exists.
19



8. Let X be the metric space of continuous functions on the interval [0, 1] with the metric defined as
d = -
(f.9) = max |f(z) - g(a)

and let Y be the metric space defined on the same collection of functions but with the metric

p(f,9) = (/01 |f(z) — g(z)|? dx)l/Q.

Show that X is a complete metric space, while Y is a metric space which is not complete.

20



18. SPRING 2011 (MAY)
. Let

n
T, = {(ﬂflayl,mz,yz, e T,y Yn) € [0,00)3: E:rnam(:rn,yn)2 < 1}
k=1
and let a,, be the 2n-dimensional volume of T,,. State and prove a simple formula for a,, in terms of
n.

. Let h be a real-valued, continuous, non-negative, non-increasing function on [0,00). For n =1,2,.. .,
define h,, by

h(z) = / T

Prove that hi, ha, ... is a non-decreasing sequence of differentiable, non-negative, non-increasing func-
tions that converges pointwise to h.

. Let X be a bounded subset of R" and f: X — R be a continuous function. Suppose that, for each
y € R™\ X, there exists a d, > 0 and a constant B, such that |f(z)| < B, for all € X such that
|z —y| < &,. Prove that f is bounded.

. Let (T,d) and (Y, p) be complete metric spaces. Suppose S is a subset of T, f: S — Y is uniformly
continuous, and t is in the closure of S but not in S. Prove that f extends to a continuous function
g: SU{t} = Y. That is, prove that there exists y € Y such that

g(s):{f(s) sesS

Y s=1t

is continuous at ¢.

. Expand m in a Laurent series centered at z = 0 and converging in the annulus 0 < |z| < 2.

27 2
/ sin“ 0 0.
o D+4cosh

. Fixn < 1,7 >0, and A\ = pe’®. What is the maximum modulus of z + A" over the disc |z| < 7?
Where does z + A™ attain its maximum modulus over the disc?

. Evaluate

. Show that the image of a non-constant entire function is dense in C.

21



19. FaLL 2010 (OCTOBER)

. Find a Mobius transformation mapping the half-plane {z : Rez < 1} onto {z : |z — 1| > 2}.
. Suppose g : [0,1] = C is continuous. Prove that g is uniformly continuous.

22(z—1)

(1—cosz)log(1+z) at z = 0.

. Classify the singularity of

. Let (X, d) be a metric space and a be a point of X. Define

play) = {g““) ey

(a) Show that (X, p) is a metric space.

(b) Show that if a subset of X is open in (X, d) then it is open in (X, p).

(¢) Give an example of a metric space (X,d) and a point a € X such that the topologies on (X, d)
and (X, p) coincide but are not just the discrete topology.

. Let f be an even meromorphic function, that is to say, let f be a meromorphic function such that
f(=z) = f(z) for all z, and suppose that f has a pole at 0. Show that the residue of f at 0 is equal
to 0.

. [duplicate of #7 of October 1996]

. Evaluate
/ 1
oo (@1

. In a game of hide and seek on the complex plane the hider is hiding in a tree at the origin. The seeker
runs counterclockwise along the unit circle from 1 to —1 at unit speed. When the seeker reaches e™/4,
the hider leaves the tree and runs at a constant speed to 1 always keeping the tree directly between
himself and the seeker. The hider arrives at 1 at the same time that the seeker arrives at —1. What
path does the hider follow?

(Hint: Express the position of the hider in polar form, find the argument, and use constant speed to
determine the modulus.)

. Apply the maximum principle to find the smallest number A for which the inequality |sinz| < A|z|
is satisfied in {z : |z| < 1}.

22



20. SPRING 2010 (MAY)

. Suppose that f is holomorphic for |z| < 1. Suppose that |f(z)] <1 for all |z| < 1, and

£0) = £ = = f4D () =0,
Prove that |f(z)| < |z|* for all |2| < 1.

. Let « be the positively oriented circle |z| = 1/2. Evaluate

1/z
/ .
4 1=z

. Consider the linear fractional transformation f(z) = Caz'fd with ad — bc # 0 as a map on the extended

complex plane C U {oo}, i.e., on the Riemann sphere. Show that f maps circles in the extended
complex plane to circles.

Hint: First prove that f can be written as f(z) = A+ ch.

. Let P(z) be a complex polynomial in z. Suppose that all zeros of P(z) are contained in the upper
half plane. Prove that the zeros of P’(2) are also contained in the upper half plane.

Hint: Consider % (logarithmic differentiation).

. Suppose
f(2) = az?® + b2z + ¢z

where a, b, and c are fixed complex numbers.

(a) Show that f(z) is complex differentiable at z if and only if bz + 2¢z = 0.
(b) Where is f(z) analytic?

Justify your answers.

(a) Show that the area of a planar region delimited by a closed simple curve C is given by % /. crdy—
ydx.

(b) Compute fC (2zy — 2?)dx + (v + y?)dy, where C' is the boundary of the bounded region delimited
by the graphs of y = 22 and 3% = x.
(a) Show that every subspace of a separable metric space is separable.

(b) Let X be a separable metric space and let Y C X be any subspace. Given N € N, construct a
sequence {ay} where

N
ar = (Qk,1, 0,2, ..., 0,N) €Y,

with the property that, given any y € YV, there is a subsequence {ag, } converging to y.

. Let (X, d) be a complete metric space. Show that a contraction f: X — R is necessarily continuous
and has precisely one fixed point. Recall that f is a contraction iff there is a constant 0 < C' < 1 such
that

d(f(z), f(y) < Cd(z,y) forall z,ye€X.

. Let X = C]0, 1] with the topology of uniform convergence.
(a) Is the subspace P of polynomials open in X7
(b) Is P closed?

Justify your answers.
23



10. Helly’s selection principle states that given a sequence (f,) of nondecreasing functions f,: [0,1] —
[a, b], there exists a subsequence (f,,) and a function F': [0,1] — [a, b] such that

klim fnp(x) = F(z) for any z € [0, 1]
—o00
The proof is divided into three steps.

(a) Show that we can find a subsequence (f,,, ) that converges to a nondecreasing function G defined
on all rational points {ry,ra,r3,...} of [0, 1].

(b) Define H: [0, 1] — [a,b] by setting
H(z)= lim G(r).

r—T

reQn|

Show that H is the limit of (f,,) at each continuity point of H.

0,1]

(¢) Now, recall that a nondecreasing real valued function of a real variable has at most countably
many discontinuous points. Use a diagonal argument to find a subsequence of ( fy, ) that converges
everywhere on [0, 1] to some function F.
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21. FAaLL 2009 (OCTOBER)

. Let R be the set of real numbers with the usual metric and let R; be the set R with the distance
function p(x,y) = |tan~!(z) — tan=1(y)|.

(a) Prove that p is a metric.

(b) Prove that the identity map R — R; is a homeomorphism.

(c) Prove that Ry is not complete.

(d) Define a metric on the set X = {1/n:n =1,2,...} for which X is complete.

. A function f: R — R is called convex if and only if

flaz + (1 =a)y) < af(x)+(1—a)f(y)

for z,y € R and a € [0, 1]. Prove that a convex function is continuous on R.

1
/ / sin(z?) dx dy.
0 Jy

. Find a Taylor series and two Laurent series for
1 1
fo) =+

z z—3
about z = 1, and state the region where each converges.

. Evaluate

. Let G be a bounded, open, connected subset of C. Suppose that f is continuous on G and analytic
on G and that there is a ¢ > 0 such that |f(z)| = ¢ for all z € 9G = G \ G. Prove that f is constant
on G or else f has a zero in G.

. [duplicate of #2 on Fall 1998]

. Classify (as removable, essential, or pole) the singularities of

1
F(2) = ese(z) - =
z
in the Riemann sphere C U {oo}.
. Let X be compact and let {f,} be a sequence of functions from X into R. Suppose that f is a

continuous function on X such that lim, o fn(x) = f(z) for each x € X. If f,,(z) < fry1(z) for all
n and all z € X, prove that f, — f uniformly on X.

/OO dx
0 x®+1

. Evaluate
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22. FALL 2008 (OCTOBER)

. Suppose f is a non-constant entire function. Show that f(C) is dense set in C.

. Suppose X and Y are metric spaces and f : X — Y is continuous. Show that if X is compact and f
is onto, then Y is complete.

. A function f: R — R is called Lipschitz with constant C' € [0, o] provided

|f(z) = f(y)] < Clz -yl
for all x,y € R. Suppose that f, is Lipschitz with constant C,, for n = 1,2,..., and suppose that
lim;, o frn(x) = f(z) for each x € R. Prove that f is Lipschitz with constant
C = limsup C,.

n— oo

. Compute

1

eT1
dz.
/|Z|—3 z—2
. Find the zeros of the function
f(z)=2"=-3" 122" + 22 + 2 +1

inD={zeC: |z| <1}

. Show that

<1 2m
s de = .
o 1+ 3V3
Hint: Set w = e%ﬂ, let M be a positive real number, and let vyy; be the closed, positively oriented

contour consisting of the two segments [Mw?,0] and [0, M] and the circular arc from M to Mw?,
centered at 0. Use the residue theorem to compute the integral of 1/(1 + 2%) over the contour ;.

. Let R be the region in the first quadrant bounded by the curve 23 + 3 = 1. Make the change of
variables u = 23 + y3, v = y/x to evaluate

// xdxdy.
R

. Either give an example of a function that is analytic on D = {z € C: |z| < 1} and satisfies f(0) =0,
f(1/4) =4, and |f(z)| < 2 for all z € D or prove that such a function does not exist.

You may use the result of question 6.

. Show that the boundary value problem 3’ = 32 + x, y(0) = 0, has no continuously differentiable
solution that is valid on the interval [0, 00).

Hint: Show that y(4 —27™) > 272 by induction.
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23. FALL 2007 (OCTOBER)
. Let f: X — Y be a map between metric spaces.

(a) Prove that f maps closed sets onto closed sets if and only if f(A) D f(A) for all A C X.

(b) If f is continuous, prove that f(A4) C f(A) for all A C X.

(a) For a subset A of a metric space, define the terms boundary of A and limit point of A.
(b) Prove that the boundary 9A and the set of limit points A’ are closed.

(c) Can 9A be a non-empty open set? Prove your answer.
. Find the number of zeroes (counting multiplicities) of f(2) = 3e* — 22097 in 1 < |2 < 2.

. Find all solutions of the equation cos(2z) = 5.

ez+i
[t
|2|=2

. Let S ={z € C: |z] =1} be the unit circle. Let f(z) = Z. Prove that f|s cannot be approximated
by holomorphic polynomials (i.e. polynomials in z) uniformly on S.

. Evaluate

. Prove that all the roots of the Legendre polynomials

v, 4
Po(z) = — 2 (22— 1)"
(z) 27n! dxm™ (2 )
belong to the interval (—1,1) for n =1,2,3,---.
Hint: Find inductively the roots of the polynomials (Zc—kk(xQ - 1" k=1,2,--- ,n counting multiplici-

ties.
. A function f defined on a subset F of R is said to be upper semi-continuous (u.s.c.) if
(a) —oo < f(x)oo
(b) For each a € R, the set {x € R: f(z) < a} is open.
Note that f is allowed to attain the value —oc.
. A function f is said to be lower semi-continuous (l.s.c.) if —f is upper semi-continuous.

(a) Prove that a function f : R — (—00,00) is continuous if and only if it is both u.s.c. and ls.c.

(b) Prove that an u.s.c. function f : [0,1] — [—o00, 00) attains its maximum on [0, 1].
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24. SPRING 2007 (JUNE)

. Let =y be the circle {z € C : |z — 3] = 2}, traversed once in the positive direction. Evaluate,
-3
/ 27 dz
 sin(z)

. Let R be the region in the first quadrant bounded by the circle 22 + 32 = 1 and the lines y = 0 and
y = x. Evaluate
Y3
/ / ry + — dx dy.
R xr

. Find the complex number w satisfying e* = —1 + i such that |w + 3i| is as small as possible.

. Prove or find a counterexample: If X is a non-empty set and d; and d are metrics on X, then d
defined by d(x,y) = min(d; (z,y), d2(x,y)) is also a metric on X.

. Suppose w € C, R > 0, f is analytic in {z € C: 0 < |z — w| < R} and f has a pole at w. Prove that
for some r > 0, the function f/f’ is analytic in {z € C: 0 < |z —w| < r} and has a simple pole at w.

. Suppose f: R — R is a real analytic function. Further, assume that there exists a sequence of real
numbers {a, }>2;, such that a, — 0 as v — oo and f(a,) = 0. Prove that f = 0.

. Let f,(x) be continuous functions on [0,1], for n = 1,2,..., that converge pointwise to a function
f(z). Suppose that, for any € > 0 and any N > 0, there exists at least one n’ > N independent of z
such that |f,(x) — f(z)| < e. Prove that f(x) is continuous on [0, 1].
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10.

. Compute fl

25. FALL 2006 (OCTOBER)

. Given an example of a function on the interval [—1, 1] which is differentiable at the origin, but is not

differentiable on any open interval containing the origin.

. Use Green’s theorem to evaluate f,y Pdx + Q dy where

P(z,y) = cos(z), Qz,y) =3z +4y+1,

and 7 is the circle {(z,y) € R? : 22 + y? = 4} traversed in the clockwise direction.

Suppose f is analytic on the disc {z € C : |z| < 1}. Further, suppose that
o |f(2)] <2for|z| =1 and Re(z) > 0;
o |f(2)| <18 for |z|] =1 and Re(z) < 0.

Prove that |f(0)| < 6.

. Let f and g be two linearly independent entire functions. Prove that there is a sequence {z,} of

complex numbers such that |f(z,)| > n|g(z,)| for every positive integer n.

eZz

z|=2 22(2—1)(2+5) dz.

Let X be the set of all continuous functions [0,1] — R with the metric defined by
p(f,9) = sup [f(z)—g(z)] forall f,geX.
0<z<1

Prove that (X, p) is complete (you do not need to prove that p is a metric on X).

Let p1: R x R — R be the function defined by
p1(z,y) = |arctan(z) — arctan(y)|
for all z,y € R.

(a) Prove that p; is a metric on R.
(b) Prove that (R, p1) is not complete.

(¢) Let p2 denote the usual metric on R; that is, pa(x,y) = |x — y| for all z,y € R. Prove that the
identity function (R, p1) — (R, p2) is a homeomorphism.

Let X = {% :n € N}. Define a metric p on X for which (X, p) is complete.

Suppose that f: [0,1] — R is a continuous function which is right differentiable on [0, 1); that is, for
each z € [0, 1), the limit
- fle+h) - flz)
R = lim ——F——~
f(@):= lim, h

exists. Prove that if Rf(x) > 0 for all € [0,1), then f is a strictly increasing function.
The classical Weierstrass theorem claims that any continuous function [0,1] — R can be uniformly
approximated by a sequence of polynomials. Assuming the Weierstrass theorem, prove that in fact,

given a positive integer k > 0, one only needs polynomials that are linear combinations of the terms
1,z z?¢ 2% ... for such an approximation.
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26. SPRING 2006 (APRIL)

(a) Let P(N) be the power set of N, i.e. the set of all subsets of N. Prove that P(N) is not countable.

(b) Let E be any set. Prove that there is no surjective map f: E — P(E).
. Suppose f is an entire function, |f(z)| <1 for |z| < 1, f(0) =0, f/(0) = 0. Show that |f”(0)] < 2.

. Suppose f is analytic in {z € C: |z| < 1} and it has a zero of order k > 2 at z = 0. What type of

singularity does the function % have at z = 07 If is isolated, then determine the residue.

(a) Suppose X is a complete metric space such that there exists a positive constant M and ||z — y|| <
M for all x,y € X. Prove or disprove: X is compact.

(b) Suppose X is a complete metric subspace of a compact metric space Y. Prove or disprove: X is
compact.

. Find the number of zeros of p(z) = 62% + 23 — 222 4+ 2 — 1 in the disc |z| < 1.

. Let f: R — R be a continuous non-constant periodic function, i.e. f(x+¢) = f(z) for all z and some
constant ¢ # 0. Such c is called a period of f. Prove that there exists p > 0 such that p is a period
but any number ¢ with 0 < ¢ < p is not a period.

. Suppose that f is an entire function and f(z) = f(z + 2) = f(z +¢) for all z € C. Prove that f is
constant.

. Evaluate
/ cos z "
2j=2 (2 —4)(z +19)3

(a) Give an example of a sequence of continuous functions f,(x) on the interval [0, 1] which converges
pointwise to a function f(z) that is not continuous on [0, 1].

(b) Give an example of a sequence of Riemann integrable functions f,(x) on the interval [0, 1] which
converges pointwise to a function f(x) that is not Riemann integrable on [0, 1].
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27. SPRING 2005 (MAY)

. Let C.. be the circle in the complex plane with radius » > 0 and centre 0 once in the counterclockwise

direction. Calculate
52
/ SR
c, %z —sin(z)

. Let S be the region in the (u, v)-plane consisting of those points inside the square with vertices (2, 0),
(3,1), (2,2), and (1,1). Evaluate

for r > 0 sufficiently small.

// vVu? —v2dudv
s

by making the substitution u =z +y, v=12 — y.

. Let f: C — C be holomorphic with f(0) =1 and
(2)
1—22

Show that f(z) =1 — 22 for all z € C.

<2, for z € C\ {L,-1}.

. Let (X,p) and (Y, q) be metric spaces and Z = X x Y. Define r: Z x Z — [0,00) by

r((x1,y1), (T2,92)) = p(z1,22), 21 f T
Q(y1,y2), 1 = T2.

Prove that r is a metric on Z if and only if

sup q(y1,y2) <2 inf p(x1,x2).
Y1,92 T1#T2

. Let S be a circle of positive radius and L be a line in the complex plane. Show that if f is an entire
function and f(S) C L, then f is constant.

. Consider the boundary value problem
ay’ =4y —252%, y(0)=0, y(1)=1,
5

where y is a function of . Solve the problem by making the substitution ¢ = z°.

. Show that the function f: {z € C: |z| > 1} — C, defined by
1 1
=3 (:+3).

is injective and find its image.

. Suppose {f,} is a sequence of real-valued functions that converge to 0 pointwise on [0, 1]. Prove that
if each function f,, is non-increasing, then the convergence is uniform.
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28. FALL 2004 (OCTOBER)

/// 22+ + 22 dedydz
s

Sz{(x,y,z)€R3:x2+y2§13nd0§z§3}.

. Evaluate the (triple) integral

over the cylinder

. Let gy, : [0,1] — [0,1] be continuous functions for n = 1,2, ... satisfying lim,_, gn(z) = 0 for each
x € [0,1]. Suppose for each n that y = f,,(x) is a solution to the boundary value problem

y' +2zy = gn(z), y(0) = 0.
Prove that lim, . fr(z) = 0 for each z € [0, 1].
(a) Verify that the function u(z,y) = cos(z) cosh(y) is harmonic.

(b) Find a harmonic conjugate v for u, that is, a function v such that w+iv is a holomorphic function
of z = x + iy with v(0,0) = 0.

. Let C be a circle in the complex plane having radius 3 and center 0, traced once in the counterclockwise

direction. Calculate )
[,
C 2z

. Let (X, d) be a metric space and f: X — X. Suppose that whenever F C X and z is in the boundary
of E, f(x) is in the boundary of f(E). Prove that f is continuous on X.

. How many solutions, counted with multiplicities, does the equation e* = 223 + 32 — 1 have in the
open disc |z| < 2? (You may assume e < 3).

. Find a sequence of functions f,: [0,1] = R for n = 1,2, ... such that fol fn(x)dx =1 for each n and
lim,, s o0 fr(x) = +oo for all z € [0,1].

(a) Suppose that f is an entire function, a,b € C are distinct, and |a|, |b| < R. Show that

(O R (O ()
7{Z-R<z—a>(z—b>d S —

(b) Use part a to prove Liouville’s Theorem: if f is entire and bounded, then f is constant.
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29. SPRING 2004 (FEBRUARY)
(a) Show that

fz=m

sin(z) .
=241 ifz#Ew

is an entire function.

(b) What is the order of the zero of f at z = 77
. Show that if f is analytic on a domain D and if |f| is constant, then f is constant.
. [duplicate of #5 of Jan. 1999]

. Expand f(z) in a Laurent series valid for:

_ 1

— (2+1)(2+3)
(a) 1<z] <3

(b) |z[ >3

).

o

. Find all values of log(—% +

. Suppose f is analytic in the open disc |z| < 2, |f] is bounded there by 10, and f(1) = 0. Find the
best possible upper bound for |f(1)].

2m T .
. Show that [" sty = o if a > [bl.
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10.

11.

12.

30. FALL 2003 (NOVEMBER)

. [duplicate of #1 on Oct. 1998]

. [duplicate of #2 on Oct. 1998|

[duplicate of #3 on Oct. 1998|

. [duplicate of #4 on Oct. 1998]

. [duplicate of #7 on Oct. 1996]

Find all values of .

Let G be a connected open subset of C and f: G — C be a holomorphic map such that f(z) is real
for all z € G. Show that f is constant.

Let f and g be analytic on a bounded open connected set & C C and continuous on the closure Q.
Suppose g is nowhere zero in Q. Show that if |f| < |g| on the boundary of €, then |f| < |g| on Q.

Suppose that f is an entire function satisfying |f(z)| < A + B|z|¥ for all z € C, where A and B
are constant. Let f(z) = Z;‘io c;j#’ be its power series expansion about zero. Show that all the
coefficients c;, j > k, are equal to zero.

If [a| < 1, show that f(z) = {=2%% is a one-to-one analytic function of the disc {2 : |z| < 1} onto itself.

(Hint: Show |f(z)| = 1 when |z| = 1.)

Let f(2) =1+ ﬁ + ﬁ Obtain all Laurent series expansions of f about z = 0 and indicate
where each is valid.

Let C be the circle |z| = 1 traced once in the clockwise direction. Evaluate

/ €Sin(1/z)d2’.
c
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31. FaLL 2002 (OCTOBER)

. Suppose that functions f,: [0,1] — C are given such that, Ve > 0, 39 > 0 such that forn =0,1,2,...,
one has
|fn(z) — fr(y)| < € whenever |z — y| < 4.

Show that if f,, converges pointwise to fo, then f, converges uniformly to fy.

/°° dx
e X222 427

. Let y1,¥s, ... be a sequence of real numbers and define f: R — R by

. Compute the integral

flz) = pint klz — yrl.

(a) Show that if the set {y1,y2, ...} has no accumulation point, then f is continuous.

(b) Find a sequence yi,ys, ... such that f is not continuous.

. Suppose f is a holomorphic function on a neighbourhood of the closed unit disc such that |f| > 2 on
the unit circle and f(0) = 1. Show that f has a zero in the unit disc.

. Let T be the interior of the triangle with the vertices (0,0), (0,1), and (1,0). For (u,v) € T, define
andybyz=v—uwvand y=1—u— uv.

(a) Show that the map (u,v) — (z,y) is one-to-one and takes T onto itself.

(b) Evaluate the integral below by making the change of variable (z,y) — (u,v).
/ / dx dy
T 4z + y?
. Find all holomorphic functions f from the unit disc {z € C : |z| < 1} to itself such that f(1/2) =0

and f'(1/2) =4/3.

. Let Q be a connected open subset of C and f: 2 — Q be a holomorphic map such that fo f = f.
Show that either f is the identity map on € or f is constant.

. Let F = {y = a/x : a > 0} be a family of curves in the first quadrant. Find an infinite family of
curves G such that each g € G intersects each f € F at an angle of 7 /4.
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32. SPRING 1999 (JANUARY)
. Let X = CJ[0,1] be the space of continuous R-valued functions on [0, 1] with the topology of uniform

convergence. Prove that the set of polynomials in X is not open.

. Let X = R? with the usual topology. Prove or give a counterexample.

(a) The interior of the complement of a set in X is always equal to the complement of the closure of
the set.

(b) If f: X — R is uniformly continuous and E C X is bounded, then f is bounded on E.

(c) Every infinite subset of X has a limit point in X.

. Let X and Y be topological spaces with X compact. Should X,Y be Hausdorff too?!

(a) If f: X = Y is continuous prove that f(X) is compact.

(b) If g: Y — X is one-to-one, continuous and onto, must Y be compact? Justify your answer.
. [duplicate of #3 of Fall 1998]

. Suppose a polynomial is bounded by 1 in the unit disc. Show that all its coefficients are bounded by
1.

. Let f be a holomorphic function on a neighbourhood of the annulus A = {1 < |z| < 2}. Suppose that
|f(2)| <1 when |z| =1 and that |f(2)| < 3 when |z| = 2. Show that |2f(z)| < 1 on A.

. Let C be the circle |z — 1| = 2, traced twice in counterclockwise direction. Calculate the path integral

/ e* (2% + 1)dz.
c

. What type of singularity does cot(z) have at the origin? If it is a pole, find the order of the pole.
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33. FaLL 1998 (OCTOBER)
1. (a) Is f: [0,00) — R uniformly continuous? Justify your answers.
(i) fz) = V;
(ii) f(z) = sin(z?);
(iii) f(x) = e *sin(z?).

(b) Evaluate fol [frlz z3 cos(y?’)dy} dr.

(¢) Use Green’s theorem to evaluate f7 Pdx 4+ Qdy where P = y + 3z, Q = 2y — x, and +y is the
ellipse 422 + y? = 4 traversed in the counterclockwise direction.

2. Let X be a metric space and let O = {O, }aer be an open cover of X. A real number A > 0 is called
a Lebesgue number for O iff every subset Y C X whose diameter is less than A must be contained in
(at least) one O,.

(a) Prove that every open cover of a compact metric space has a Lebesgue number.

(b) Find an open cover of [1,2) C R that has no Lebesgue number.

3. Let X be compact and { f,, }nen be a sequence of continuous functions X — R. Suppose that f: X — R
is continuous, that lim,, o, f,(x) = f(z) for all x € X, and that f,, < f,4+1 on X for all n € N. Prove
that f,, — f uniformly on X.

4. (a) Suppose that f > 0 on [a,b] and that f: f(z)dx = 0. Prove that f =0 on [a, b].

(b) Suppose that f is Riemann integrable on [a,b], that D C [a,b] is dense, and that g: X — R
satisfies f|p = g|p.

(i) If g is bounded on [a, b], is g Riemann integrable on [a, b]?

(ii) If g is Riemann integrable on [a, b], must f: flx)dz = f; g(z)dz?
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34. FALL 1997 (SEPTEMBER)

1. Let m,n be integers. Evaluate, with proof, the iterated limit
lim ( lim \cos(n'7m)|m)
n—roo m—r o0

for each z € R.

2. Calculate

/°° dx
0o 143

3. Find all solutions y, to the ordinary differential equation z3y” + zy’ = y. Note y = z is one solution.

4. Find the first four terms of the Laurent series of e?/(z(2% + 1)) centred at zero. What is the largest
open set on which it converges?

ot

. Suppose f is holomorphic on a neighbourhood of 0 satisfying f(0) = 0 # f’(0). It has an inverse
g defined on a neighbourhood of 0. (Do not prove this.). Show that there is an € > 0 and a
neighbourhood U of 0 such that

1 G-
a(2) /K| T o e

211

6. Let I = (0,00) and F': I? — I? be the map (u,v) — (2,9) = (v(1 + w)u, v(1 + u)/u).
(a) Show that F' is differentiable and has differentiable inverse.

(b) On a large, clearly labeled set of axes, sketch the region F~1((0,1)?) and identify the curve
F'{(z,2) : 2 € (0,1)}).

(c) Evaluate the integral below by making the change of variables (z,y) — (u,v)
/ / dzx dy
T+ l’y 1/2

7. Let f: C~ {0} — C~ {0} be a holomorphic bijection such that f(1) = 1. Show that either f(z) = z
or f(z)=1/z for all z € C.
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35. FALL 1996 (OCTOBER)

. Show that there is a holomorphic function g on the domain D = C ~\ [—1, 1] such that
z—1

9(z) —
€ z+1

for all z € D.
. Let A be a set, and suppose that f: A x A — R satisfies the following for all a,b € A:

e f(a,b) = f(b,a) = 0;

e f(a,b) =0 if and only if a = b.
Define

d(a,b) = inf {Z flai—1,a;) :n>0,a; € Ayag =n,a, = b}
i=1
(a) Prove that d satisfies the triangle inequality on A, i.e., for all a,b,c € A, one has
d(a,c) < d(a,b) + d(b,c).

(b) Let N=7Z-9 =1{1,2,...}, and consider the function f: N x N — R defined by
1

m#n
0 m=n.

Show that d is not necessarily a metric on A.

. Let v be the unit circle in C, positively oriented. Evaluate

1/z
/e dz
v 2= 2

. What is the radius of convergence of the Taylor series of the function

h(z) =

6sin(z)

(z+1+14)2cos(z)

centred at z = 07
. Find the family of curves in the plane orthogonal to the family {y = ax® : a € R}.
. Let u be a real-valued, harmonic function in an open, connected subset of R?. Show that if u2 is also

harmonic, then u is constant.

(Recall u(x,y) is harmonic in an open set U C R? iff, V(x,y) € U, the following holds:
0%u 0?

w(%y) + W(%Z/) =0.)

. Suppose ¢,,: R — (0, 00) satisfy

/ On(t)dt =1forn=1,2,...; and lim on(t)dt = 0 for every § > 0
R

n— 00 [t]>6

Let f be a bounded function on R which is continuous at x, and prove that

lim [ ¢, (z —1)f(t)dt = f(x)
n—oo [p
. Show that if an analytic function f(z) has an essential singularity at a point p, then so does the
function sin(f(z)).
39



36. FALL 1994 (SEPTEMBER)

36.1. Part A.

1. Study the convergence of the series
o0 n+1

T
— fi R
Zn(n—i—l) or r € R,

n=1

and where it is convergent, find its sum. (P.S. Do not forget the endpoints.)

2. Prove or disprove: if (X, d) is a metric space and d: X x X — R is given by

7 __d(z,y)
d(z,y) = m,

then d is a metric on X.

3. Find the simple closed curve C for which the value of the contour integral

/ (y° —y)dz — 22°dy
C

1S a maximum.

4. Prove or disprove: if E and F are connected subsets of a metric space X, then

(a) E'UF is connected;
(b) ENF is connected,;

(c) If f: X = R is continuous, then f(F) is connected.

5. It is easy to guess the value of

n
(1 — E) e 2da.
n—oo Jq n
(a) What is it?

(b) Justify (rigorously) your deduction (state all “applicable” theorems).
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37. FaLL 1993 (NOVEMBER)

37.1. Real Analysis.

1.

2.

Let f’ exist and be bounded for x € R. Prove that f is uniformly continuous on the real line.

Let K be compact and f: K — R be continuous, and let M C K be given by
M={x: f(x)> f(k) for ke K}.

Show that M is a compact set.

. The Bessel function of zero order may be defined by

e -1 n$2n
Jo(x) = Zo (4”()71!)2

Find its radius of convergence and show that y = Jo(x) is a solution of the differential equation
zy +vy +zy=0.

. Using the definition of integrable functions, prove that if f is continuous on [a, b], then f is Riemann

integrable on [a, b].

Let a1,a2,... € R>q be a sequence with a,, — 0 monotonically. Show that ZZO=1 a, converges if and
only if >~ | 2™agn converges.

A transformation T: R™ — R™ is said to be distance decreasing iff there is a constant r € [0,1)
satisfying

T(p) = T(q)| <7 |p—qg| for p,q € R™.
Let T be any distance-decreasing transformation of the plane into itself. Prove that T leaves exactly
one point of the plane fixed; that is, T'(p) = p has one and only one solution.

37.2. Complex Analysis.

7.

8.

9.

10.

11.

12.

Let f: C — C be a continuous function which is analytic off [—1, 1]. Show that f is an entire function.
Prove that in the disc |z| < 1, we have |e* — 1] < (e — 1)|z|. [Taylor series]

Find a bilinear transformation (i.e., a Mébius transformation) such that

z1 = 1,29 = 1,23 = 0 map to w; = 0, wy = —1, w3 = —i respectively
Evaluate the following line/path/contour integrals:

1 cos(z)+sin(z 2 2 .
(a) 55 [ 7(z2i2)5)(z4£1)) dz around % + Y% =1;

(b) [ % around the square with corners at z = £2 and z = +2i.

Let C be a closed rectifiable curve encircling the origin and n € Z>;. Show that

n A dd
! (z+1) dz:{m)!(;)! no

21 Jo z 0 n even.

Show that

27
1 —acosf
—————df = 27 { -1,1
/0 1 —2acosf + a? mfora€ (-1,1)
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example of metric space, 2010-F:#4

exponentiation of complex numbers, 2003-F:#6, 2007-S:#3
extended complex plane, 2010-S:#3

family of plane curves, 2002-F:#8

Fibonacci numbers, 2019-S:#1

first derivative test, 2006-F:#9

fixed point, 1993-F:#6, 2010-S:#8, 2013-F:#3, 2013-S:#6
fixed points, 2013-F:#10

Fourier coefficients, 2015-S:#6

Fourier transform, 2015-S:#6

function with compact support, 2015-S:#8, 2016-F:#1
fundamental theorem of calculus, 2016-F:#2, 2019-S:#2

Gaussian integral, 2015-S:#5

graph subsets of R?, 2017-F:#1

Green’s second identity, 2015-S:#8, 2016-F:#1
Green’s theorem, 1998-F:#1, 2006-F:#2, 2013-S:#5
growth of a function, 2011-F:#7

half-plane, 2010-F:#1

harmonic conjugate, 2004-F:#3

harmonic function, 1996-F:#6, 2004-F:#3

has typo, 2011-F:#6

Helly’s selection principle, 2010-S:#410

high number of variables, 2013-S:#3

holomorphic bijection, 1997-F:#7

holomorphic differentiable function, 2019-S:#7

holomorphic function, 1996-F:#1, 1997-F:#5, 1999-S:#46, 2002-F:#6, 2003-F:#7, 2004-F:#3, 2005-S:#3,
2010-S:#1, 2011-F:#5, 2013-S:#4, 2014-S:4#6, 2016-F:#8, 2017-F:#6, 2017-S:#8, 2018-S:#3,
2019-S:#5

homeomorphism, 2006-F:#7, 2009-F:#1, 2014-S:#4

identity function, 2002-F:#7

identity map, 2017-F:#6

image of a compact set, 1999-S:#3

image of a complex valued function, 2005-S:#7

image of a function, 2015-F:#7

imaginary part, 2013-S:#4

implicit function, 2017-F:#1

improper integral, 2002-F:#2, 2008-F:#6, 2009-F:#9, 2014-F:#3, 2014-S:#1, 2015-F:#2, 2017-F:#4,
2018-S:#5, 2019-S:#46

increasing function, 2005-S:#8, 2016-S:#6

indefinite integral, 2013-F:#5

infimum, 2012-F:#3

infinite subset, 1999-S:#2

infinitely differentiable function, 2015-S:#6

initial value problem, 2012-F:#1, 2012-S:#2, 2016-S:#6, 2017-S:#1
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injective function, 2005-S:#7

integral of a series, 2012-S:#4

integral over a bounded region, 2010-S:#6, 2017-S:#3
integral over bounded region, 2007-S:#2, 2008-F:#7
integration by parts, 2015-S:#6

integration by substitution, 2002-F:#5

integration over matrices, 2015-S:#5

integration via Riemann sums, 2015-F:#2

integration via substitution, 2005-S:#2, 2013-F:#5, 2014-F:#6
interior of a set, 1999-S:#2, 2002-F:#5

inverse function, 1997-F:#6, 2018-S:#7

inverse function theorem, 2015-S:#7, 2019-S:#5
inverse trigonometric functions, 2006-F:#7

irrational number, 2016-F:#3

isolated singularity, 2006-S:#3, 2013-S:#7

isometry, 2016-S:#2

iterated integral, 1998-F:#1, 2009-F:#3

iterated limit, 1997-F:#1

Jacobian of a function, 2015-S:#7

Laplacian, 2015-S:#8, 2016-F:#1

Laurent polynomials, 1993-F:#11

Laurent series, 1997-F:#4, 2003-F:#11, 2004-S:#:4, 2009-F:#4, 2011-S:4#5, 2012-F:#8, 2012-S:#6,
2014-F:#5, 2018-F:#7

Lebesgue number, 1998-F:#2

Legendre polynomials, 2007-F:#7

limacon, 2012-S:#7

limit of a convolution product, 2012-F:#2

limit of a sequence, 2017-F:#7

limit point, 1999-S:#2, 2007-F:#2

line integral, 1993-F:#11

linear fractional transformation, 2010-S:#3

linearly independent functions, 2006-F:#4

Liouville’s theorem, 2004-F:#8, 2009-F:#5

Lipschitz function, 2008-F:#3, 2015-F:#1, 2017-S:#1

local solution, 2017-S:#1

logarithmic differentiation, 2010-S:#4

logarithms of complex numbers, 2004-S:#5

lower semi-continuous function, 2007-F:#8

Mobius transformation, 1993-F:#9, 2010-F:#1, 2013-S:#6

maximum modulus, 2011-S:#7

maximum of a function, 2007-F:#8, 2018-S:#38

maximum principle, 2010-F:#9

meromorphic function, 2010-F:#5, 2015-F:#8, 2018-F:#8

metric, 1994-F:#2  1996-F:#2, 2005-S:#4, 2006-F:#6, 2007-S:#4, 2009-F:#1, 2012-F:#4, 2013-S:#8,
2014-S:#4, 2016-S:#7

metric space, 1994-F:#2  1998-F:#2, 2004-F:#5, 2005-S:#4, 2006-S:#4, 2007-F:#2, 2008-F:#2,
2010-F:#4, 2011-F:#8, 2011-S:#4, 2012-S:#1, 2013-F:#3, 2014-F:#2, 2014-S:#4, 2015-F:#4,
2016-S:#7, 2017-F:#5, 2018-F:#4, 2019-S:#4

modulus, 2010-F:#8

monotonic sequence, 1993-F:#5

Morera’s theorem, 2016-S:#8
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multivariate calculus, 2005-S:#2, 2012-S:#3

neighbourhood, 1997-F:#5, 1999-S:#6, 2002-F:#4, 2018-S:#1, 2019-S:#5
non-constant function, 2012-S:#8, 2018-F:#2

non-negative function, 1998-F:#4, 2012-S:#4

non-self-intersecting boundary, 2013-S:#5

nondecreasing function, 2010-S:#10

norm, 2017-S:#1

normal vector, 2015-S:#8, 2016-F:#1

nowhere vanishing function, 2003-F:#8

number of zeroes, 2004-F:#6, 2007-F:#3

number of zeros, 2015-S:#1

one to one, 2018-S:#7

onto, 2018-S:#7

open arc, 2019-S:#7

open cover, 1998-F:#2

open disc, 2003-F:#10, 2004-F:#6, 2004-S:#6, 2010-S:#1, 2012-S:#9, 2013-F:#10, 2013-S:#4, 2014-F:#7,
2014-S:#£6, 2015-S:#:1, 2017-S:47, 2019-S:41

open interval, 2015-F:#4

open neighbourhood, 2012-S:#8

open subset, 1996-F:#6, 1997-F:#4, 1999-S:#1, 2002-F:#7, 2003-F:#8, 2007-F:#2, 2009-F:#5, 2010-F:#4,
2011-F:#5, 2012-S: 48, 2016-F:#8, 2017-F:#6, 2018-F:#3

open subspace, 2010-S:#9

open unit disc, 2011-F:#5

optimization, 1994-F:#3

order of a zero/pole of a complex function, 1999-S:#8, 2004-S:#1, 2006-S:#3

ordinary differential equation, 1997-F:#3, 2014-F:#4

orthogonal curves, 2002-F:#8

orthogonal plane curves, 1996-F:#5

orthonormal basis, 2017-S:#2

parametrized integral, 2016-S:#4

partial sums, 2011-F:#6

path, 2010-F:#8

path connected set, 2013-F:#6

path integral, 1993-F:#10, 1999-S:#7

period of a function, 2018-F:#2

periodic function, 2006-S:#6, 2015-S:#6, 2016-F:#3, 2018-F:#2

point of continuity, 2010-S:#10

pointwise convergence, 2002-F:#1, 2005-S:#8, 2006-S:#9, 2007-S:#7, 2011-S:#2, 2013-F:#2
pointwise convergent subsequence of functions, 2010-S:#10, 2019-S:#8
polar coordinates, 2007-S:#2

polar form, 2010-F:#8

pole, 1999-S:#8, 2007-S:#5, 2015-F:#8, 2018-F:#8

polygon, 2013-S:#5

polynomial, 2015-F:#5

polynomial bound, 2017-S:#6

polynomial function, 2017-S:#6, 2018-F:#5

positive definite real matrix, 2015-S:#5

power series, 2003-F:#9, 2016-S:#1

quadratic function on complex plane, 2011-F:#4
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radius of convergence, 1993-F:#3, 1996-F:#4, 2013-F:#1, 2019-S:#1

rapid decay, 2015-S:#6

rate of convergence of series, 2018-S:#6

real analytic function, 2007-S:#6

real and imaginary parts of a complex number, 2013-S:#1

real line on complex plane, 2013-S:#1

real-valued function, 2018-F:#3

rectifiable curves, 1993-F:#11

regions of convergence, 2012-F:#8, 2012-S:#6

removable singularity, 2013-S:#7

residue of a singularity, 2006-S:#3, 2010-F:#5

residue theorem, 2007-F:#5, 2008-F:#6, 2010-F:#7, 2012-F:#7, 2012-S:#5, 2014-F:#1, 2015-S:#2,
2016-S:#3, 2017-S:#5

Riemann integrable function, 1993-F:#4, 1998-F:#4, 2004-F:#7, 2013-S:#2, 2014-S:#2, 2015-F:#2

Riemann integral, 2006-S:#9

Riemann sphere, 2010-S:#3, 2013-S:#6

Riemann-Lebesgue lemma, 2015-S:#6

right differentiable function, 2006-F:#9

Rouché’s theorem, 2007-F:#3, 2012-F:#6, 2016-S:#5

Schwarz’s theorem, 2011-F:#1

separable metric space, 2010-S:#7

separable subspace, 2010-S:#7

sequence of complex numbers, 2015-F:#8, 2018-F:#8

sequence of continuous functions, 1998-F:#3, 2014-F:#8

sequence of functions, 1996-F:#7, 2002-F:#1, 2004-F:#2, 2005-S:#8, 2006-S:#9, 2008-F:#3, 2009-F:#38,
2010-S:4£10, 2011-S:42, 2014-S:42, 2015-F:#1, 2017-F:#7, 2017-S:#8, 2019-S:#8

sequence of holomorphic functions, 2012-S:#8

sequence of integrals, 1994-F:#5, 1996-F:#7

sequence of polynomials, 2006-F:#10

sequence of real numbers, 2002-F:#3, 2011-F:#6, 2012-F:#3, 2016-F:#4, 2017-F:#3, 2018-F:#4

series of functions, 2012-S:#4

set of continuous functions, 2013-S:#8

singularity, 1999-S:#8, 2006-S:#3, 2009-F:#7, 2010-F:#3

smooth boundary, 2015-S:#8, 2016-F:#1

smooth function, 2015-S:#8, 2016-F:#1, 2018-S:#7

solution to an equation, 2007-F:#4

solve ODE by substitution, 2012-F:#1

space of bounded continuous functions, 2015-F:#4

space of continuous functions, 2011-F:#8, 2013-F:#4

space of continuously differentiable functions, 2013-F:#4

standard basis, 2017-S:#2

strictly increasing function, 2006-F:#9

subgroup, 2018-F:#2

subsequence, 2017-F:#3

subsequence of functions, 2019-S:#8

supremum norm, 2006-F:#6

surface integral, 2005-S:#2, 2012-S:#3, 2013-S:#3

surjective map, 2006-S:#1

symmetry with respect to some variables, 2013-S:#3

Taylor series, 1993-F:#8, 1996-F:#4, 2009-F:#4, 2013-F:#1
Taylor’s theorem, 2016-S:#6
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topological space, 1999-S:#3, 2013-F:#6
topology, 2010-F:#4

totally real restriction, 2017-S:#7
triangle inequality, 1996-F:#2

triple integral, 2004-F:#1

twice differentiable function, 2013-S:#2

unbounded modulus, 2014-F:#7

uniform approximation, 2006-F:#10, 2007-F:#6

uniform convergence, 1998-F:#3, 1999-S:#1, 2002-F:#1, 2005-S:#8, 2009-F:#8, 2012-S:#8, 2014-F:#38,
2014-S:#2, 2015-F:#1, 2017-F:#7

uniform convergence on compact, 2016-S:#8, 2017-S:#8

uniform convergence topology, 2010-S:#9

uniform limit, 2015-F:#1

uniform metric, 2013-F:#4

uniformly continuous function, 1993-F:#1, 1998-F:#1, 1999-S:#2, 2010-F:#2, 2011-S:#4

unit ball, 2014-F:#2

unit circle, 1996-F:#£3, 2002-F:#£4, 2007-F:4£6, 2010-F:48, 2018-S:41, 2019-S:#7

unit dise, 2002-F:#4, 2003-F:4£10, 2006-F:4£3, 2010-S:#1, 2013-F:#8, 2013-S:#44, 2014-F:#7, 2015-S:#41,
2016-S:#1, 2017-S:#7, 2018-S:#1, 2019-S:#5

upper half plane, 2010-S:#4

upper semi-continuous function, 2007-F:#8

vector field, 2014-S:#3
volume, 2011-S:#1

Weierstrass M-test, 2013-F:#2
Weierstrass’s theorem, 2006-F:#10
well defined function, 2017-F:#1
Weyl’s theorem, 2016-F:#3

zeros in an annulus, 2011-F:#3, 2016-F:#5, 2018-S:#4

zeros of a complex function, 2012-S:#8

zeros of a complex polynomial, 2006-S:#5, 2008-F:#5, 2010-S:#4, 2015-S:#1, 2016-F:#5, 2017-F:#2
zeros of polynomial in a disc, 2015-S:#1, 2017-F:#2, 2018-S:#1

zeros of polynomial in interval, 2007-F:#7
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